We investigate large-scale inhomogeneity of dark energy in the bubble nucleation scenario of the universe. In this scenario, the present universe was created by a bubble nucleation due to quantum tunneling from a metastable ancestor vacuum, followed by a primordial inflationary era. During the bubble nucleation, supercurvature modes of some kind of a scalar field are produced, and remain until present without decaying; thus they can play a role of the dark energy, if the mass of the scalar field is sufficiently light in the present universe. The supercurvature modes fluctuate at a very large spatial scale, much longer than the Hubble length in the present universe. Thus they create large-scale inhomogeneities of the dark energy, and generate large-scale anisotropies in the cosmic microwave background (CMB) fluctuations. This is a notable feature of this scenario, where quantum fluctuations of a scalar field are responsible for the dark energy. In this paper, we calculate imprints of the scenario on the CMB anisotropies through the integrated Sachs-Wolfe (ISW) effect, and give observational constraints on the curvature parameter ΩK and on an additional parameter describing some properties of the ancestor vacuum.
The supercurvature modes are the so called discrete modes and have an imaginary wave number on the threedimensional sphere S 3 in the Euclidean CDL geometry. Because of this, the modes are non-normalizable on the hyperbolic H 3 , when they are analytically continued from the Euclidean CDL geometry to the Lorentzian region to describe a bubble nucleation in de Sitter spacetime [28] [29] [30] . As long as the mass of the scalar field is sufficiently light, the supercurvature modes decay slowly at large distances, and give rise to long range fluctuations of the field in the open universe. The length scale of the fluctuations, which is called the supercurvature scale L sc , is much larger than the present spatial curvature scale L c of the Universe and the Hubble length H
0 . Thus, the supercurvature-mode energy density takes an almost constant value within the horizon scale of the observable universe; it behaves as the dark energy, and we call it the supercurvature-mode dark energy. Possible observable signatures of the scenario in the EoS have been investigated in Ref. [22] with an expectation of being verified in the galaxy surveys by Square Kilometre Array (SKA) and Euclid mission in the forthcoming decade [31] . In the present paper, we further investigate another verifiable property of the supercurvature-mode dark energy. A novel feature of the supercurvature-mode dark energy is that the mode is not exactly homogeneous and may induce tiny anisotropies and inhomogeneities of the dark energy even on the scale of the observable universe (cf. [32] ). The anisotropies are transformed into the anisotropic patterns of the CMB spectrum through the late-time integrated Sachs-Wolfe (ISW) effect, which can distinguish the model from the simplest ΛCDM model.
The paper is organized as follows. In Sec. II, we will review the setup of the supercurvature-mode dark energy scenario and calculate the spatial correlation of the dark energy density contrast. In Sec. III, we calculate the twopoint correlation function of the CMB fluctuations. The inhomogeneity of the supercurvature-mode dark energy is imprinted in the large-angle correlation of the CMB anisotropies. Comparison with the observational data put upper bounds on the curvature parameter Ω K and the parameter that describes some properties of the ancestor vacuum. Finally, in Sec. IV, we will summarize the results. Details of calculations are given in Appendices.
II. SPATIAL CORRELATION OF THE SUPERCURVATURE-MODE DARK ENERGY
In this section, we first briefly review the supercurvature-mode dark energy scenario following [21, 22] . Then, we calculate spatial variations of the dark energy, which motivates the investigations of detectability through the CMB anisotropies in the next section. Suppose that our universe is an open universe created by a bubble nucleation due to the CDL quantum tunneling of a scalar field [23] . After the bubble nucleation, the primordial inflation occurred first and then the big bang universe with negative spatial curvature has started. We also introduce another scalar field φ whose supercurvature mode is generated through the bubble nucleation process. The mode will become the dark energy, which we call the supercurvature-mode dark energy. Before the tunneling, in the metastable de Sitter (ancestor) vacuum, Hubble parameter and mass of φ are denoted by H A and m A , respectively. Ordinary inflation follows the bubble nucleation in the hyperbolic spatial geometry. The Hubble parameter of the inflation is denoted by H I . We note that the Hubble parameters before and after the CDL quantum tunneling satisfy the relation H A > H I [21] . The mass of the scalar field φ after the tunneling is set m 0 , which could be different from m A .
In the free field approximation, we can solve the equation of motion for the scalar field φ on the CDL background in Euclidean space; expanding solutions in terms of the eigenfunctions on the 3-dimensional sphere slice S 3 with eigenvalues −(k 2 + 1), the equation of motion becomes a Schrödinger-like equation with a finite potential. The eigenfunctions on S 3 are classified into two types of modes. One type is a continuous mode with a real wave number k while the other is a discrete mode with an imaginary wave number k = i(1 − ). The discrete mode is called the supercurvature mode. Here is determined by the properties of the ancestor vacuum and given by
where c is an order O(1) quantity that depends on the critical size of the bubble created in the ancestor vacuum. The mass m A of the scalar field and the Hubble parameter H A in the ancestor vacuum are assumed to obey the condition m A H A ; thus 1 follows. Analytically continued to the Lorentzian region in de Sitter space, the supercurvature mode becomes non-normalizable on the spatial slicing H 3 of the open universe and generate large scale fluctuations. Unlike the continuous modes that decay as e −η in the conformal time η, the discrete supercurvature mode behaves e − η and decay remarkably slowly compared to the continuous modes. The scalar field is assumed to have ultralight mass m 0 < H 0 ∼ 10 −33 eV, and the supercurvature mode plays a role of the dark energy in the present universe. A candidate of such ultralight fields may appear as an axion-like particle (ALP) in string theory [19, 20] .
In the following, we focus on the supercurvature modes and investigate its properties as the dark energy in the present universe universe within the bubble as [21] 
where η is the conformal time, ϕ(η) is the frozen expectation value of field φ. The explicit form of ϕ is given in Eq. (A3). R is the (dimensionless) geodesic distance on the three-dimensional hyperbolic space H 3 , normalized in terms of the curvature scale L c = 1/ √ −K, and is given by
R 1 and R 2 are the radial coordinates of the two points, x and x , and ψ is the included angle between them in the three-dimensional space (see Fig. 1 ). In the next section, we also use χ to denote the comoving radial coordinate distance with dimension of the length; R = √ −Kχ. Thus the curvature radius is given by R c = √ −KL c = 1. Now we calculate the spatial variation of the supercurvature mode dark energy. In this model, the dark energy density at late times in the matter dominated era (i.e., in the period (ii) in Sec. V-C of Ref. [21] ) is dominantly given by the mass term in the energy-momentum tensor of the supercurvature mode,
Then defining the density contrast of the dark energy by
two point function of the density contrast can be calculated as
where we used φ 2 (η, x) = φ 2 (η, y) . Furthermore, in the free field approximation, we can decompose the four-point function of φ into a product of two-point functions by using the Wick theorem:
Then, using Eq. (2), we have where R = √ −K|x − y|. The correlation function ξ(R) changes its behavior around the curvature scale R c = 1 as
and diminishes at distances over the supercurvature scale R sc ≡ 1/ . In physical length, R sc corresponds to L sc = L c / , which is much larger than the curvature radius L c . The behavior of ξ(R) for R R sc is depicted in Fig. 2 . This indicates that the supercurvature-mode dark energy density varies considerably beyond the supercurvature scale R sc . In Fig. 3 , we show a schematic picture of the spatial variation of the supercurvature-mode dark energy. At the horizon scale H
which is extremely tiny (∝ Ω K ). However, as we will see in the next section, it may give rise to an observable effect in the CMB anisotropies on the large scales.
The above results show that the density contrast of the supercurvature-mode dark energy has an inhomogeneity of the order one over the scales of the supercurvature R R sc 1. This large-scale variation of the dark energy density is the characteristic feature of the dark energy model based on quantum fluctuations. For the large scales R > R sc , the dark energy density largely fluctuates and can be treated as a classical Gaussian random variable with the properties of φ sc = 0 and φ 2 sc = ϕ 2 (η) (See Appendix A for the explicit expression of ϕ(η).) On the other hand, the dark energy density is nearly constant within the horizon H −1 0 ( L c ). The explicit form of the probability distribution function of the dark energy density is shown in Appendix B. The result demonstrates a wide distribution of probability of ρ DE and the dark energy density parameter Ω Λ at scales larger than the supercurvature scale R sc even when we fix the parameter
with Ω Λ = 0.7. Thus the dark energy density has large spatial variation on the large scales R > R sc . We also note that even within the horizon scale, H −1 0 , there exists the spatial variation, though it is tiny as Eq. (10). In the next section, we will study the CMB anisotropies caused by it, and give observational constraints on the model parameters of the scenario.
III. CMB ANISOTROPIES FROM THE SUPERCURVATURE-MODE
To study observable effects from the spatial variations of the supercurvature-mode dark energy, we investigate possible imprints from the supercurvature-mode dark energy on the CMB anisotropies through the late-time ISW effect. We adopt the line element under the conformal Newtonian gauge as
where Ψ and Φ are the gravitational potential and the curvature potential, respectively, and γ ij is the three-dimensional metric in an open universe,
The evolution of the distribution function of CMB photons is described by the Boltzmann equation with the perturbed Planck distribution:
where Θ(η, x, γ) denotes the temperature fluctuation of photons. γ is the line-of-sight direction identical to the unit vector of the observed photon momentum p, while p is its magnitude. Note that the temperature fluctuation Θ(η, x, γ) depends on the photon's trajectory scattered from the past. It can be shown that the CMB anisotropy Θ(η, x, γ) satisfies the equation [33] 
where C eγ denotes the collision term for the Compton scattering, but it can be omitted in our investigation. Then, the integration yields the ISW contribution to the CMB anisotropies,
Here, on the right-hand side, the spatial position x is represented by its radial coordinate and the angle as x = (χ, γ).
The direction of the photon, γ, is fixed in this expression and the radial coordinate χ = η 0 − η denotes the position of the photon at the conformal time η. η * stands for the conformal time of the CMB last scattering surface. Hereafter, we use dot to denote a differentiation with respect to the conformal time η,˙≡ ∂/∂η. In the following we calculate the right-hand-side of Eq. (16) by using the perturbed Einstein equation.
Using an overbar to represent the background quantity, we have the 0-th order Einstein equation [33] ,
where (m) and (φ) denotes the matter component and the dark energy component, respectively, and we defined H =ȧ/a = a ,η /a. A definition of the overbar will be shown momentarily. The 1st order perturbation of the Einstein equation is given by
where ∇ 2 H is the Laplacian defined with respect to γ ij as ∇ 2 H Q = γ ij Q |ij (See e.g., Ref. [33] ). On the other hand, the energy-momentum tensor for the scalar field φ is given by
Its spatial average surrounding our horizon is defined as
where "SA" denotes "spatially average around" surrounding the present Hubble scale of our Universe. We then consider the fluctuation of
Since we are interested in the supercurvature-mode dark energy which is almost constant within the Hubble scale, we approximate the spatially averaged value by the quantity at the observer χ = 0. For example, we have
Of course, φ(η, χ = 0, γ) does not depend on the direction γ and we can simply write it as φ(η, χ = 0). As we are interested in the dark energy component that fluctuates mildly both in space and time, the mass term in the energy-momentum tensor (19) dominantly contributes: T 
respectively. Now let us calculate the temperature fluctuation induced by the autocorrelation of the supercurvature-mode dark energy. Since we are interested in the perturbations on the supercurvature scales, see Fig. 3 , the metric perturbation in the late-time universe can be approximated as Ψ + Φ = 0 and the term (∇ 
The perturbed energy momentum tensor of the matter component is δT 0 0(m) = −δ m ρ m , where δ m is the density contrast of the matter component, which follows (e.g., [33] )
Here we follow the notation of Ref. [33] for the Fourier expansion in an open universe. Therefore, it should be understood that k 2 = −K for the supercurvature mode. These equations yield
where we may omit the term of the gravitational potential k 2 aΨ, in the limit of the large scales, as we consider the supercurvature mode. Then, we have
where we assumed δ m (0) = Φ(0) = 0 for the supercurvature mode perturbations. With Ψ + Φ = 0, Eq. (24) reduces to
Using Eqs. (23) and (29), we can write down the solution for Ψ as
where the approximation η * /η 1, hence η * 0, was used, and we defined
with a constant F c . We note that the result of Eq. (30) does not depend on the constant F c . Under the condition Φ + Ψ = 0, Eq. (16) becomes
Thus using Eq. (30), the two-point correlation function of temperature fluctuations from the last scattering surface of the CMB is given by
The expectation value in (34) can be decomposed into products of two-point functions by using the Wick-theorem in Eq. (7) and calculated by using the two-point correlation function in Eq. (2) . The details of the calculation are given in Appendix C, and we obtain
where
, and η 3 and η 4 are the function of a 3 and a 4 , respectively, whose explicit form is given in Appendix D, and H(a) is the Hubble parameter.
In the rest of the paper, we will compare the result of Eq. (35) with the CMB observations and constraint on the model parameters in the present scenario. The multipole expansion of the angular two-point function of the CMB temperature fluctuation is expressed as
where cos ψ = γ · γ . Then, by comparing Eqs. (35) and (36), it is explicit to find 3 4π
where we define the coefficients S by
where we used ρ DE (a) = m 2 0 ϕ 2 /2. The approximate expression in the above formulae are obtained by
We evaluate higher multipoles in a similar manner, which are approximately given by
These higher multipoles with ≥ 3 do not put tighter constraints compared to the dipole and the quadrupole as long as Ω K 1. Thus, the dipole and the quadrupole are the most important, which is reflected by the property that the typical scales of the spatial variation are given by the supercurvature scale. Using the results for S in Appendix D, numerical calculations of S give the following results
where we assumed Ω m = 0.3 and Ω K 1. The observed values of the dipole and the quadrupole in the CMB anisotropies are found in the literature. The measurements on C 2 from observations by WMAP are reported [34] and given by
This value is an extrapolated one from the low multipole data 3 < < 10, and the actual observed value is smaller by a factor of 4. The dipole of the CMB is approximately expressed as
where v is the peculiar velocity of the observer and cos θ is the parameter related to the line-of-sight. The raw observational result gives v ≈ 370km/s [35, 36] . From this observation, we adopt the value of the dipole moment,
where we used 3C 1 /4π = (v/c) 2 . By using Eqs. (41), (42) and the observation data (45), (43) in the relations (37) and (38), we obtain the upper bounds on the following combination of the parameters:
The constraints given by Eqs. (46) and (47) [4] , and if we take the possible value with BAO for Ω K ∼ 10 −3 , the other parameter is constrained to satisfy the relation
IV. CONCLUSIONS
We have studied a model of the dark energy in the universe created by a bubble nucleation due to quantum tunneling from an ancestor vacuum. The supercurvature mode of an ultralight scalar field φ in the bubble of the present universe plays a role of the dark energy, which we call the supercurvature-mode dark energy. In such a universe, the present universe is open and has a negative spatial curvature in the bubble and fluctuations of the supercurvature modes are frozen on the superhorizon scales. This is the reason that the mode behaves as the dark energy in the present epoch.
In the present paper, we have particularly investigated large-scale inhomogeneity of the supercurvature-mode dark energy density. We show that the density contrast of the dark energy becomes of the order of one on the supercurvature scale L sc , which is much longer than the Hubble length H 0 . Nevertheless our calculations indicate that the large-scale inhomogeneity of the dark energy density can be detected in the anisotropies of the CMB spectrum via the late-time ISW effect. The detectable signatures are imprinted at low angular momentum components of the two-point correlation function of the CMB temperature fluctuation, especially the dipole and the quadrupole. Comparing with the current observations of the CMB multipoles, we obtained upper bounds of the curvature parameter Ω K and the ancestor vacuum parameter , given in Eqs. (46) and (47), respectively. For example, if we assume that the spatial curvature is given by the current upper limit from observations, Ω K ∼ 10 −3 , the other parameter is given by < ∼ 10 −2 . For smaller value of Ω K , can be larger. Further investigations of the supercurvature-mode dark energy scenario will be interesting in view of the large-scale CMB anomaly (e.g., [37] [38] [39] [40] ).
String theory predicts axion-like particles(ALPs) [19, 20] which are ultralight. In an open inflation scenario created by a bubble nucleation of the true vacuum due to quantum tunneling from the false ancestor vacuum, the supercurvature-modes of these ultralight scalar fields provide a candidate for the dark energy. The supercurvaturemode dark energy scenario predicts a deviation of the equation of state from the cosmological constant [21] as well as the spatial variation presented in the present paper. The universe also predicts negative spatial curvature. Hence the model could be potentially verified / falsified by future observations.
In the massless limit, → 0, and using a small bubble approximation X 0 → −∞, the well-known result for the coincident-point correlation function [41] 
is reproduced.
Appendix B: One point probability function of dark energy
In this Appendix we demonstrate the explicit form of the probability functions of the dark energy density and the density parameter. For a normalized probability variable of the field, the distribution function is given by
We note that φ 2 (x) = 1. Using φ(x), we may write the scalar field as φ(η, x) = ϕ(η) φ(x), where ϕ(0) is defined in Appendix A. We find the probability density function of the supercurvature-mode dark energy density, given by
On the large scales R > R sc , the spatial variation is significant, however, as long as we consider a region of the present Hubble horizon, which is much smaller than the scale R sc , ρ DE (x) can be regarded as a probability variable through φ by Eq. (B2). Following the conservation of the probability,
we define the probability density function of
It can be analytically calculated as
which is plotted in Figure 4 . This figure demonstrates a wide distribution of probability of ρ DE at scales larger than the supercurvature scale R sc even when we fix the parameter as Eq. (11). We also discuss the probability density function of the dark energy density parameter defined by
where ρ m is the dark matter energy density. In the similar way to the case for the dark energy density, we can find the probability density function of Ω Λ as f (Ω Λ ) = d φδ(Ω Λ − Ω Λ (x))P ( φ(x)).
It can be analytically calculated as Figure 5 plots the function f (Ω Λ ) assuming Ω Λ = 0.7 in Eq. (B8). f (Ω Λ ) has a peak at a point of Ω Λ slightly larger than Ω Λ = 0.7, but this figure demonstrates a wide distribution of probability of Ω Λ at scales larger than the supercurvature scale R sc . 
We assume a nearly flat FLRW universe by adopting Ω m ≈ 0.3, Ω Λ ≈ 0.7, and Ω K ≈ 0, and we approximate S defined by Eq. (39) as
where 
An approximate expression for S is given by substituting (D4), (D5) and (D6) into (D3). We evaluate numerically the integrations over a, and obtain Eqs. (41) and (42).
